Change detection in registered psoriasis lesion image patterns by Maletti, Gabriela Mariel & Ersbøll, Bjarne Kjær
 
	
ﬀﬁﬂﬃ !ﬁ #"$ &%'(
ﬃ)*+ﬀﬁ
,*-/.1032 4657-98:-/5 4;<;32 -/=?>@AB-/03=14*C0ED<.F/5 5
GﬀHEIKJLNMBO!HEPQMSR6T+UVPWT7R6LBOJMBX YEZ[J6PK\^]^JMB_`HEOJMBX YaJ6bc]9R/\WHEb b X P`dWe
fgHEYB_`P`X YaJ6bghP`X iQH3LBZNX MVjkR6TGﬀHEP`OJLBlme
Gﬀnﬀoqp6rtstsundtZEvKw1jWP`dtxyjyeWGﬀHEP`OJLBl
z6{6|Q| }9~/yt/E|Q|t t
yQtŁ qQQQ
NE|Q|ﬁ

t

a|Wt{y
kcEEKtt
fﬁ_`H]v v GuvKf1L<J6P`ZqT7R6LBOX Z[J6I`I`b X Ha\MBR*IKJ6X LBZR6TcLBHEdtX ZqMBH3LBHE\^I`ZNR6o
LBX J6ZNX Zb HEZNX RtP$IKJMNMBH3LBP`Z*X MB_`X PJ6PK\xmH3MVHEHEPﬁHEHEl/b jZNHEZNZNX RtP`ZEvSRtb R6LkxKJ6PK\
YERtPyMNLBX x` WMBX RtP9MBRMB_`Hﬀ¡`LBZqM]v v Guv`YERtO!ImRtP`HEPyMX Z[J6PKJ6b jW¢EHa\1v
£ ¤`¥[¦m§1¨©ª«g¦1¬B¨[¥
­
4[®?D<4-D<4;¯/°10346±W27DB;346034t>u²?D<¯W0327-WD<2³Dc5 4tD<2 ¯W=²?-y;<;34603=?D D<46±W´^46=`;34t>u°µ03¯W´-D<4;¯/°12 ´¶-/±W4tD
;E-/·W46=-y;*;3¸14¹,u46=W;3¯/°³;34¹º¯`D<²12 ;E-/5V»¼46=1´¶-/03·:>m®1032 =1±°µ¯W®10*²12 5 ¯/;D<4tD3D<2 ¯W=?D½2 ;3¸;3¸103464
2 =K¾K2 ;34t>^²?-y;32 46=W;ED6¿mÀ=^;3¸1¯`D<4¯mÁ6Á6-WD<2 ¯W=?D6»Q;3¸1034645 4tD<2 ¯W=?DS²c460²?-y;32 46=`;[½[46034Á6-/²m;3®1034t>kÂ?¾W4
;32 ´^4tD>m®m0327=m±94t-WÁE¸D<4tD3D<2 ¯W=+»K-/5 ¯W=1±°µ¯W®10ﬀ½4646·mD6¿KÃﬀ¸14*2 ´¶-/±W4tD[½4603457-/.c465 5 4t>¹½2 ;3¸¹°µ¯W®10
ÁE¸?-/0E-WÁa;3460ED»c2 =?>m27Á6-y;32 =1±²?-y;32 46=`;¹ÄBÅW» Æm» Ç`Èa»c5 4tD<2 ¯W=ÉÄÊ»+@u»ËﬀÈa»+D<4tD3D<2 ¯W=ÌÄ-1».+»+Á/»+>?Èu-/=?>
Á6-/²m;3®1034!ÄBÅW»`Æm»WÇ1»yÍ?»`ÎWÈ034tD<²g4tÁa;32 ¾W465 ÏW¿/Ð103¯W´-!D<®1.?D<4;S¯/°g;3¸14tD<42 ´¶-/±W4tD6»y5 4tD<2 ¯W=9²?-y;<;34603=?D
½46034¶D<46±W´^46=W;34t>$-/=?>0346±W27DB;346034t>:½2 ;3¸12 =Ñ-/=?>.g4;B½[4646=ÑD<4tD3D<2 ¯W=?D*®?D<2 =1±;3¸14¹D3Á3¸146´^4tD
0346²g¯W0<;34t>2 =$Ò Í/Ó -/=?>Ò ÇyÓ 034tD<²g4tÁa;32 ¾W465 ÏW¿
Ã ¯46¾/-/5 ®?-y;34[5 4tD<2 ¯W=9ÁE¸1-/=1±W4tD.g4;B½[4646=^D<4tD3D<2 ¯W=?D6»t²1¸`ÏmD<27Á27-/=?D´¶-/·/4ﬀD3Á¯W034tD ¯/°g-°µ¯W®10<Ô
¾y-/032³-/.m574¹D<4;tÕﬁ034t>m=14tD3D6»D3Á6-/5 2 =1±?»+;3¸127ÁE·K=14tD3D9-/=?>Ñ.c¯m>mÏÑ-/034t-:Á¯Q¾W46034t>$.KÏ;3¸145 4tD<2 ¯W=?D6¿
8:-/=K®?-/5[D3Á¯W032 =1±Ö>m46²c46=?>1DkDB;303¯W=1±W5 Ï:¯W=$;3¸14>m4603´¶-y;3¯W5 ¯W±W27DB;t»½¸1¯Á6-/=ÑD<¸1¯y½×Á032 ;3460327-
¾y-/032³-y;32 ¯W=?D -/5 ¯W=1±uD<4tD3D<2 ¯W=?D>m®14[;3¯;3¸14ﬀ¸`®1±W4ﬀ-/´^¯W®1=`;ﬁ¯/°?²?-y;32 46=`;EDﬁ-/=?>5 4tD<2 ¯W=?D¯W.?D<4603¾/4t>
>m®1032 =1±^4t-WÁE¸½[¯W03·m2 =1±^>1-tÏW¿
Ãﬀ¸14ﬀ´¶-/2 =^¯W.mAN4tÁa;32 ¾W4¯/°?;3¸14²1034tD<46=`;S½¯W03·27D;3¯-/=?-/5 ÏKØ64ﬀÁE¸?-/=1±W4tD2 =9;32 ´^4!Ò ÙyÓq»1Ò ÅtÚyÓq»
Ò ÅÓg°µ03¯W´#-kDB;E-y;327DB;327Á6-/5g²g¯W2 =`;ﬀ¯/° ¾K2 46½Û¯/°+;3¸14u0346±W27DB;346034t>¶>1-y;E-kD<4;ED[´^46=`;32 ¯W=14t>¿mÊÜD<®12 ;<Ô
-/.15 4DB;a-y;327DB;327Á6-/5K-/²1²103¯`-WÁ3¸!°µ¯W0ﬁ-/=?-/5 ÏKØ62 =1±ÁE¸?-/=1±W4tD 2 =;32 ´^42 =9-´®15 ;32 Ôq¾/-/0327-/.15 4°-WD<¸12 ¯W=
27D;3¸148Ö®15 ;32 Ôq¾y-/0327-y;34*Ê5 ;3460E-y;32 ¯W=Ý¼4;34tÁa;32 ¯W=ÝÃ0E-/=?DB°µ¯W03´ÞÄ8Ñ¿ Ê¿ ¼k¿ È*Ò ßyÓq¿màq;;30E-/=?DB°³¯W03´¶D
;B½[¯D<4;ED¯/°ﬁ´k®15 ;32 Ôq¾y-/0327-y;34*¯W.?D<4603¾/-y;32 ¯W=?D2 =`;3¯¹-¶>m2 ác460346=?Á4!.c4;N½4646=Ý;N½¯¶5 2 =14t-/0Á¯W´9Ô
.12 =?-y;32 ¯W=?D^¯/°u;3¸14Ý¯W032 ±W2 =?-/5ﬀ¾/-/0327-/.15 4tDk4âm²157-/2 =12 =1±$´¶-yâm2 ´¶-/5ÁE¸?-/=1±W42 =Û-/5 5¾/-/0327-/.15 4tD
D<2 ´k®15 ;E-/=146¯W®?D<5 ÏW¿SÃﬀ¸14Ý´¶-/±W=12 ;3®?>m4¯/°;3¸14Ý5 4tD<2 ¯W=ÌÁE¸?-/=1±W4tD92 =ã;32 ´^4ÖÁ¯W®157>ã.g4ÖD<¸1¯Q½=
®?D<2 =1±k;3¸14!-/.?D<¯W5 ®m;34u¾y-/5 ®14u¯/°+;3¸14uÂ?0EDB;8Ñ¿ Ê¿ ¼k¿?Á¯W´^²g¯W=146=`;t¿mÊ5 ;34603=?-y;32 ¾W465 ÏW»`;3¸14*Á¯W5 ¯W0
.?-/=?>ÝÁ¯W=W;3032 .1®m;32 ¯W=;3¯^;3¸14Á3¸?-/=1±W4!Á¯W®157>.g4!Á6-/57Á®157-y;34t>¿
Ãﬀ¸14²1034tD<46=W;9½¯W03·27D9Á¯W´^²g¯`D<4t>Ñ¯/°;3¸14¹°µ¯W5 5 ¯y½2 =1±D<4tÁa;32 ¯W=?D6¿ﬁÐ2 0EDB;t»ﬁ-D<¸1¯W0<;9>m4Ô
D3Á032 ²m;32 ¯W=Ý¯/°;3¸140346±W27DB;30E-y;32 ¯/=Ý-/5 ±W¯W032 ;3¸1´#27D±W2 ¾W46=+¿gäK4tÁ¯W=?>m5 ÏW»1±W46=1460E-/5+-WD<²g4tÁa;EDﬀ¯/°ﬁ;3¸14
p ]^J6b H3MNMBXgH3MJ6b³v
8Ñ¿ Ê¿ ¼k¿ﬀÃ 0E-/=?DB°µ¯W03´ -/034Ö>m4tD3Á032 .g4t>¿[Ãﬀ¸146=+»-/=É4âm²c46032 ´^46=W;¹;3¯ Á¯W´^²1®m;34Ö;3¸14:Á¯W5 ¯W0
.?-/=?>Á¯W=`;3032 .1®m;32 ¯W=2 =;3¸14!5 4tD<2 ¯W=?DﬀÁE¸?-/=1±W4*2 =;32 ´^4!27D>m4tD<2 ±W=14t>¿1Ê D<4tÁa;32 ¯W=¯/°ﬁ034tD<®15 ;ED
-/=?>>m27D3Á®?D3D<2 ¯W=!°µ¯W5 5 ¯y½D6¿

4tD<®15 ;ED+°µ¯W0ﬁ4t-WÁ3¸kD<2 =1±W5 4Á6-WD<4Á6-/=.c4°µ¯W®1=?>2 =;3¸14ﬀÊ²1²g46=?>m2 â¿
 [¬	W¦m§
¦1¬B¨[¥«
Ð1¯W0kÁ¯W´^²15 4;346=14tD3D6»;3¸14¶0346±W27DB;30E-y;32 ¯W=$D3Á3¸146´^4¶®?D<4t>;3¯:-/5 2 ±W=;3¸14¶²?-y;<;34603=?D!27D!.1032 4?Ï
>m4tD3Á032 .g4t>¿¼4;E-/2 57D!Á6-/=.c4k°µ¯W®1=?>2 =ÌÒ ÇyÓq¿Ãﬀ¸14^0346±W27DB;30E-y;32 ¯W=D3Á3¸146´^4^27D*Á¯W´^²g¯`D<4t>:¯/°
;B½[¯¹DB;E-/±W4tD6¿màN=Ý;3¸14*Â?0EDB;DB;E-/±W4W»m±W5 ¯W.?-/503¯/;E-y;32 ¯W=Ý-/=?>;30E-/=?D<57-y;32 ¯W=4ác4tÁa;ED¯/°S-WD3D<®1´^4t>
D<46±W´^46=`;34t>k²?-y;<;34603=?DS¯/°c4`®?-/5 5 ÏkD3Á6-/5 4t>k²?D<¯W0327-WD<27D5 4tD<2 ¯W=?DS-/034ﬀ0346´^¯y¾/4t>¿yàN=9;3¸14D<4tÁ¯W=?>
DB;E-/±W4W»12 ;27Du-WD3D<®1´^4t>;3¸?-y;;3¸146034k-/034=1¯¹5 ¯mÁ6-/5 03¯/;E-y;32 ¯W=Ý4ác4tÁa;EDu-/=?>»1;3¸146034°µ¯W034W»1¯W=15 Ï
5 ¯mÁ6-/5;30E-/=?D<57-y;32 ¯W=4ác4tÁa;ED-/034!0346´^¯Q¾W4t>¿1àN=Ý.c¯/;3¸ÖDB;E-/±W4tD6»m;3¸14CSâK;30346´^4-/5 ®14k¼4;34tÁaÔ
;32 ¯W=ÝÊ5 ±W¯W032 ;3¸1´ÄµC¿ k¿ ¼k¿ Ê¿ È27D-/²1²15 2 4t>¶;3¯¶Á¯W´^²1®m;34;3¸14*´^2 =12 ´¶-/5+>m27DB;E-/=?Á4u.g4;B½4646=
²?-/2 0EDﬀ¯/° ;30E-/=?D<57-y;34t>-/=?>03¯/;E-y;34t>²?-y;<;34603=?D6¿
C¿ k¿ ¼k¿ Ê¿127D-/=2 ;3460E-y;32 ¾W4u²103¯mÁ4tD3D[;3¸?-y;4âm²g4tÁa;ED;3¸14u;30E-/=?D<57-y;32 ¯W=4ác4tÁa;EDﬀ.g4;B½4646=
;B½[¯¯W.1AN4tÁa;ED;E¯.c49´¶-y;EÁ3¸14t>-/034k0346´^¯y¾/4t>Ö½¸146=:;3¸1462 0!Á46=`;3460*¯/°´¶-WD3D<4tD´¶-y;EÁE¸+¿càN=
;3¸14Â?0EDB;^2 ;3460E-y;32 ¯W=+»ﬁ-´¶-/²1²12 =1±:;346´^²157-y;34ÝÁ46=`;346034t> ¯W=Ñ;3¸14ÖÁa46=`;3460^¯/°´¶-WD3Dk¯/°;3¸14
>m¯W´¶-/2 =¯/°¯W=149¯/°;3¸14^¯W.1AN4tÁa;ED*27Du®?D<4t>:;3¯Ý>m4Â?=149;3¸14¶D<®1.?D<4;*¯/°[;3¸14¶>m¯W´¶-/2 =¯/°[;3¸14
>m27DB;E-/=?Á4u°µ®1=?Áa;32 ¯W=°µ¯W0½¸127ÁE¸;3¸14!¾y-/5 ®14tD-/034*±W¯W2 =1±k;3¯^.c4*4tDB;32 ´¶-y;34t>¿?Ãﬀ¸127Dﬀ´¶-/²1²12 =1±
;346´^²157-y;34^2 =?Á5 ®?>K4tD*´¶-/=`ÏÖ²c¯W2 =W;ED*¯/°;3¸149=1462 ±W¸K.g¯W03¸1¯K¯1>Ý¯/°;3¸14¶Á46=`;3460*¯/°[´¶-WD3D6»c-/=?>
¯W=15 Ï^°µ46½);3¸?-y;-/034°-/0-Q½-QÏ9°µ03¯W´&;3¸14!Á4=`;3460t¿mÃﬀ¸14*4âK;30346´^4u¾y-/5 ®14u¯/° ;3¸14!Á6-/57Á®157-y;34t>
¾y-/57®m4tDu¯/°;3¸14¶>m27DB;E-/=?Á4k°µ®1=?Áa;32 ¯W=27Du¯W.m;E-/27=m4t>»+-/=?>Ö;3¸14¶D3-/´^4k´¶-/²1²12 =1±;346´^²157-y;34^27D
Á46=`;346034t>¶¯W=¹;3¸?-y;Â?0EDB;ﬀ±W®14tD3D[¯/°+;3¸14u4âK;30346´^4u¾y-/5 ®14W¿mÃﬀ¸127DﬀDB;346²27D0346²g4t-y;34t>¶®1=`;32 5c;3¸14
±W®14tD3D<4t>4âK;30346´^4*¾y-/5 ®14!>m¯K4tDﬀ=1¯/;ÁE¸?-/=1±W4*-/=KÏK´^¯W034W¿
 ﬀﬂﬁﬃ ﬁ!"ﬁ#k§
S¥$&%E¨§
Ð1¯W5 5 ¯y½2 =1±ÌÒ ÙyÓq»5 4;
X1
-/=?>
X2
.g4Ý;N½¯ÑD<4;ED¶¯/°!,*-/®?D3D<27-/=É>m27DB;3032 .1®m;34t>Ì¾y-/0327-/.15 4tD9¯/°
>m2 ´^46=?D<2 ¯W=
m1
-/=?>
m2
034tD<²c46Áa;327¾/465 ÏW»1½2 ;3¸
m1 ≤ m2
»
E{X1} = E{X2} = 0
;30E-/=?DBÔ
°µ¯W03´^4t>½2 ;3¸$;3¸14¹Á¯m4'¹Á2 46=W;ED*°µ03¯W´
-ÖDB;E-/=?>1-/0E>Á6-/=1¯W=127Á6-/5Á¯W03034657-y;32 ¯W=-/=?-/5 ÏmD<27D
a1
-/=?>
a2
2 =
Y1i = a
T
1iX1, i = 1, ...,m1
Y2i = a
T
2iX2, i = 1, ...,m2,
ÄBÅQÈ
²g¯`D<2 ;32 ¾W465 ÏÛÁ¯W03034657-y;34t>Û-/=?>)½2 ;3¸ ®1=12 ;Ö¾y-/0327-/=?Á4W»D<®?ÁE¸);3¸?-y;;3¸14¾y-/0327-/=?Á4:¯/°;3¸1462 0
>m2 ác460346=?Á4*27D´¶-yâm2 ´^2 Ø64t>¿
V ar[aT1 X1 − a
T
2 X2] =
ÄVÆWÈ
V ar[aT1 X1] + V ar[a
T
2 X2]− 2Cov[a
T
1 X1,a
T
2 X2]
ÄÇ`È
= 2(1− Corr[aT1 X1,a
T
2 X2])
ÄµÍKÈ
Ãﬀ¸14ﬀ8Ñ¿ Ê¿ ¼k¿/Ã 0E-/=?DB°µ¯W03´Á¯W=?D<27DB;ED ¯/°1;3¸14ﬀ¾y-/0327-y;E46D+;3¯u±W4;ﬁ½¸146=;3¸14Á¯W03034tD<²g¯W=?>m2 =1±
Á6-/=1¯W=127Á6-/5¾y-/0327-y;34tDk-/034D<®1.m;30E-WÁa;34t>Ñ2 =ã0346¾W460ED<4¹¯W0E>m460t»½¸127Á3¸ã´^4t-/=?Dk;3¸?-y;9;3¸14
mth1
U<v ]v ]vmfgHEY<_`P`X YaJ6b [HEImR6LNM `OuxmH3Las 
>m2 ác460346=?Á4¶D<¸1¯y½D*´¶-yâm2 ´®1´ ¾y-/0327-/=?Á4^-/´^¯W=1±ÝD<®?ÁE¸¾/-/0327-/.15 4tD6»c-/=?>:;3¸14
(m1 − j)
th
>m2 ác460346=?Á4D<¸1¯y½Dﬁ´¶-yâm2 ´k®1´¾/-/0327-/=?Á4ﬀD<®1.mAN4tÁa;S;3¯*;3¸14Á¯W=?DB;30E-/2 =`;;3¸?-y;S;3¸127D>m2 ác460346=?Á4
27Dﬀ=1¯/;Á¯W03034657-y;34t>¶½2 ;3¸;E¸m4!²1034¾m2 ¯W®?D
j
¯W=14tD6¿mÃﬀ¸14!8Ñ¿ Ê¿ ¼k¿m¾/-/0327-y;34tD-/034u2 =`¾/-/0327-/=W;;3¯
5 2 =14t-/0[-/=?>^- '¶=14D3Á6-/5 2 =1±?»y½¸127ÁE¸¶27DS=1¯/;S;3¸14Á6-WD<4¯/°g;3¸14032 =?Á2 ²?-/5cË[¯W´^²g¯W=146=`;ED6¿WÃﬀ¸14
>m27D<²g460ED<2 ¯W=´¶-y;3032 â¯/° ;3¸148Ñ¿ Ê¿ ¼k¿?¾y-/0327-y;34tD27D
D[aT1 X1 − a
T
2 X2] = 2(I −R)
ÄVÎWÈ
½¸146034
I
27DS;3¸14
m1×m1
®1=12 ;´¶-y;3032 â¶-/=?>
R
27DS;3¸14
m1×m1
´¶-y;3032 â¶Á¯W=`;E-/2 =12 =1±!;3¸14
D<¯W0<;34t>Á6-/=1¯W=127Á6-/5Á¯W03034657-y;32 ¯W=?D[¯W=;3¸14>m27-/±W¯W=?-/5-/=?>Ø64603¯`D¯/á:;3¸14>m27-/±W¯W=?-/5V¿
	 Kª
N¦ 
S¥© !)¬	K«ª$ K¬B¨[¥
Ãﬀ¸14ÖÁa¯W=`;3032 .1®m;32 ¯W=ã¯/°u4t-WÁ3¸ÌD<2 =1±W5 4ÝÁ¯W5 ¯W09.?-/=?>ã2 =ÌD<¸1¯y½2 =1±;3¸145746D<27¯W=ãÁE¸?-/=1±W42 =Ì-
²g46032 ¯1>9¯/°c¯W=14½[4646·927D-/=?-/5 ÏKØ64t>9¸146034W¿

4tD<®15 ;ED[-/034Á¯W=m°µ03¯W=W;34t>^½2 ;3¸^;3¸14¯W032 ±W2 =?-/5m2 ´9Ô
-/±W4*>1-y;E-1¿+4tD<2 ¯W=ÁE¸?-/=1±W4tD.g4;B½4646=ÝD<4tD3D<2 ¯W=?Dﬀ-/034*-/57D<¯^>m4tD3Á032 .c4t>¹®?D<2 =1±9;3¸14-/.?D<¯W5 ®m;34
¾y-/57®m4*¯/°;3¸14*Â?0EDB;8Ñ¿ Ê¿ ¼k¿gÁ¯W´^²g¯W=146=`;t¿
Ð1¯W5 5 ¯Q½2 =1±¹½2 ;3¸:;3¸14k=1¯/;E-y;32 ¯W=Ö®?D<4t>Ö2 =:²10346¾K2 ¯W®?D½[¯W03·$ÄBÒ yÓq»Ò Í/Óq»Ò ÎQÓq» Ò tÓq»Ò ÇyÓµÈa»?;3¸14
±W03¯W®1²?D^¯/°u2 ´¶-/±W4tD¶Á¯W03034tD<²g¯W=?>m2 =1±;3¯ -±W2 ¾W46=Ì²?-y;32 46=`;-/=?>Ì5 4tD<2 ¯W=É-/034Ý¸146034ÖÁ6-/5 5 4t>
Á6-WD<4ãÄµ²?-y;32 46=`;t»ﬀ5 4tD<2 ¯W=gÈy¿Ãﬀ¸14$Á6-WD<4tD¹0346±W27DB;346034t>É2 =Ò ÇyÓ!-/034
(1, A)
»
(1, B)
»
(1, C)
»
(2, A)
»
(2, B)
-/=?>
(3, C)
»+½¸127Á3¸$Á6-/=.g4¶D<4646=2 =;3¸14¶Ê²1²g46=?>m2 â Ë ¯/°;3¸14¶034°µ4603034t>
½¯W03·c¿
Ãﬀ¸14D<4;k¯/°!ÅtÚWÙÝ0346±W27DB;346034t>2 ´¶-/±W4tD!²103¯1>m®?Áa4t>$.KÏ;3¸14¹0346±W27DB;30E-y;32 ¯W=ÑD3Á3¸146´^4ÄD<464
Ê²1²g46=?>m2 â Ë2 =ÉÒ ÇyÓµÈu-/5 5 ¯y½[4t>:;3¸14¹Á¯W=?DB;303®?Áa;32 ¯W=¯/°Ç¶²?-/2 0ED¯/°0346±W27DB;346034t>:5 4tD<2 ¯W=?D
½2 ;3¸;3¸14^D3-/´^4k;32 ´^4^2 =?Á0346´^46=W;*¯/°¯W=14k½4646·Ö.g4;B½4646=:;3¸146´Ý¿+Ð1¯W0u4t-WÁE¸2 ´¶-/±W4k¯/°-
±W2 ¾W46=²?-y;32 46=`;-/=?>5 4tD<2 ¯W=+»K4t-WÁ3¸¯W=14u¯/° ;3¸14*2 ´¶-/±W4tD¯/° ;3¸14*=14âK;D<4tD3D<2 ¯W=½[46034*-WD3D<¯1Á2 Ô
-y;34t>¿mÐ1¯W0ﬀ4t-WÁ3¸²?-/2 0¯/°D<ÏK=`;3¸14;327Á6-/5c2 ´¶-/±W4tDÁ¯W=?DB;303®?Áa;34t>¹2 =¹;3¸14*½-QÏ¶´^46=W;32 ¯W=14t>»K;3¸14
8Ñ¿ Ê¿ ¼k¿c;30E-/=?DB°µ¯W03´ ½-WDu-/²1²15 2 4t> Ò ÆQÓq¿Ãﬀ¸14^8Ñ¿ Ê¿ ¼k¿+Ã 0E-/=?DB°µ¯W03´½ﬀ-WD¯W=15 ÏÖ-/²1²15 2 4t>Ö;3¯
;3¸14²12 âm4657D.g465 ¯W=1±W2 =1±^;3¯¶;3¸145 4tD<2 ¯W=+¿?Ã-/.15 4tD!Åk-/=?>ÖÆ¶D<¸1¯Q½Ü;3¸14034tD<®15 ;ED¯W.m;E-/2 =14t>°µ¯W0
;3¸14D<4;EDﬀ¯/°ﬁ0346±W27DB;346034t>¹2 ´¶-/±W4tD6¿
C[-WÁ3¸ÉD<2 =1±W5 4ÝÁ465 5¾y-/5 ®142 =ÉÃ-/.15 4$Å27D9;3¸14Ö-t¾W460E-/±W4-/.?D<¯W5 ®m;34ÝÁ¯W03034657-Q;32 ¯W= ¾/-/5 ®14
.g4;B½4646=;3¸14
b− th
Á¯W5 ¯W0.?-/=?>1Dﬀ-/=?>¹;3¸14
m− th
8:Ê¼Á¯W´^²g¯W=146=`;ED¯/°ﬁ-/5 5c²?-/2 0ED¯/°
2 ´¶-/±W4tD¯/°;3¸14
l − th
5 4tD<2 ¯W=¯/° ;3¸14
p− th
²?-y;32 46=`;t¿1àq;27DÁ¯W´^²1®m;34t>2 =;3¸14*°µ¯W5 5 ¯y½2 =1±
½ﬀ-tÏcÕ
E[ρp,l,b,m] =
1
(ns − δt)n2c
ns−δt∑
s=1
nc∑
i=1
nc∑
j=1
ap,l,s,i,δt,j,b,m
Ä`È

R6LHaJ6Y<_b H3ZNX RQP!MB_`HSP/ `OuxmH3L R6T1IKJ6X LBZX Z
(1, A) = 25×3  (1, B) = 9×3  (1, C) = 25×2 
(2, A) = 25× 3  (2, B) = 25× 3
J6PK\
(2, C) = 25× 3
LBHEZNImHEY3MBX iQH3b jyv
  ]^J6b H3MNMBXgH3MJ6b³v
½¸14034
ap,l,s,i,δt,j,b,m =
1
2
(|ρ[Xp,l,s,i,b,MADp,l,s,i,δt,j,b,m]|+|ρ[Xp,l,s+δt,j,b,MADp,l,s,i,δt,j,b,m]|)
Ä /È
-/=?>
ρ
27Dﬀ;3¸14kÁ¯W03034657-y;32 ¯W=ÝÁ¯K4'¹Á2 46=`;t»
δt
27Dﬀ;3¸14!;327´^42 =?Á0346´^46=W;9Äµ2 =Ý;3¸127DÁ6-WD<4W»
δt
27D¯W=14*½[4646·1Èa¿1Ãﬀ¸14u2 =?>m4âm4tD
i
-/=?>
j
2 =?>m27Á6-y;34u;3¸14!Á6-/²m;3®1034u=`®1´k.g460½2 ;3¸12 =Ý-9D<4tD3D<2 ¯W=+¿
MADp,l,s,i,δt,j,b,m
4`®?-/57D[;3¯
MAD[Xp,l,s,i,b, Xp,l,s+δt,j,b,m]
¿
C[-WÁ3¸ D<2 =1±W5 4¶Á465 5[¾y-/5 ®14¶2 = Ã-/.15 4Æ27D*;3¸14DB;E-/=?>1-/0E>>m46¾K27-y;32 ¯W=$¯/°;3¸14-t¾W460E-/±W4t>
-/.?D<¯W5 ®m;34!Á¯W03034657-y;32 ¯W=¾/-/5 ®14tDﬀ.g4;B½4646=;3¸14!=1¯W03´¶-/5 2 Ø64t>Á¯/Ôq¯1Á6Á®1030<46=?Á4u´¶-y;3032 â¯/°;3¸14
b− th
Á¯W5 ¯W0.?-/=?>1D[-/=?>^;3¸14
m− th
8:Ê¼ÜÁ¯W´^²g¯W=146=`;ED¯/° -/5 5?²?-/2 0ED¯/°2 ´¶-/±W4tD¯/°c;3¸14
l − th
5 4tD<2 ¯W=¯/°;3¸14
p− th
²?-y;32 46=`;t¿1àq;27DÁ¯W´^²1®m;34t>2 =;3¸14*°µ¯W5 5 ¯y½2 =1±9½ﬀ-QÏcÕ
S[ρp,l,b,m] =
√√√√ 1
(ns − δt)n2c
ns−δt∑
s=1
nc∑
i=1
nc∑
j=1
(a2p,l,s,i,δt,j,b,m)− E[ρp,l,b,m]
2
ÄÙ`È
½¸146034u;3¸14D<ÏK´k.g¯W57Dﬀ¸?-t¾W4u;3¸14D3-/´^4*´^4t-/=12 =1±¶-WDﬀ.g4°µ¯W034W¿

K K
giQH3L<J6dtH9[x`ZNRtb  WMBH9R6LNLBHEb JMBX RQPJ6b  `HEZuImH3L!w?HEZNX RtP:R6T
RGB
LBHEdtX ZqMBH3LBHa\:b HEZNX RtP
\`JM<JX MB_9MB_`HEX LSLBHEZNImHEY3MBX iQH]v v GuvmRtO!ImRtP`HEPyMBZ
	

JMBX HEPyMae w?HEZNX RtP
	
 e ]^[G 
	
e ]^G 
	
e ]^[G 
	
te  s/v p   s/v  p6r  s/v  
	
te

 s/v  ﬀtsyp s/v  yp6s s/v  Qs  ﬀ
	
te ﬁ s/v 6sQptp s/v 6rQp6s  s/v ﬀtsQp6sQr
	
pye  s/v p s/v    Qstr s/v ptr ﬀﬀ
	
pye

 s/v pQpﬀ s/v Qp astr s/v  Qs
	
/e ﬁ s/v trﬀ  s/v ﬀtr  s/v tptp
	

JMBX HEPyMae w?HEZNX RtP
	
 e ]^[Gp
	
e ]^Gp
	
e ]^[Gp
	
te  s/v s asﬀQr s/v pﬀtp s/v ﬂ p  
	
te

 s/v strﬀ6sﬀ s/v ptptr  s/v ptsQsﬀ
	
te ﬁ s/v p  ﬀ  s/v ﬀQp  s/v ptp  as
	
pye  s/v arﬀ  s/v trtrﬀts s/v p  
	
pye

 s/v p6s s/v   s/v  ﬀ 
	
/e ﬁ s/v  ﬂ Qp s/v p6rﬀ s/v ptp 
	

JMBX HEPyMae w?HEZNX RtP
	
 e ]^[G 
	
e ]^G
	
e ]^[G 
	
te  s/v p ﬀ Qr s/v 6s   s/v str
	
te

 s/v Qp Qs  s/v p6rts ﬀ s/v p6syp
	
te ﬁ s/v p  ﬀ s/v   s/v s arQrtr
	
pye  s/v p ﬀﬀtsﬀ s/v ﬀ p6str s/v pﬀQp6ryp 
	
pye

 s/v tsQptptr s/v pﬀ ar s/v  artr 
	
/e ﬁ s/v p p6sﬀyp s/v ptptp s/v arﬀts
CSâ1Á5 ®?>m2 =1±9°µ03¯W´ Ã-/.15 4^Åu;3¸14Á6-WD<4°µ¯W0½¸127ÁE¸;3¸14*0346±W27DB;346034t>¹5 4tD<2 ¯W=²?-y;<;34603=?D-/034
²?-/0<;327-/5 5 Ï¹Á¯y¾W4034t>¹.KÏ¹¸?-/2 0Ä ﬁ-y;32 46=`;uÆm»+4tD<2 ¯W=@Èa»1½[4!Á6-/=¯W.?D<4603¾W4;3¸?-y;t»m2 =±W46=1460E-/5V»
U<v ]v ]vmfgHEY<_`P`X YaJ6b [HEImR6LNM `OuxmH3Las 

K  1
M<J6PK\`JL<\:GﬀHEi/X JMBX RtPR6TMB_`H^[x`ZNRtb  WMBH^R6LNLBHEb JMBX RQP  J6b  `HEZ!ImH3Lw?HEZNX RtPR6TMB_`H
RGB
LBHEdtX ZqMBH3LBHa\^b HEZNX RtP¶\`JM<JX MB_9MB_`H]v v Guv1RtO!ImRtP`HEPyMBZ
	

JMBX HEPyMae w?HEZNX RtP
	
 e ]^[G 
	
e ]^G 
	
e ]^[G 
	
te  s/v strQpﬀQs s/v strtr Qp s/v sﬀﬀ  
	
te

 s/v sﬀQp s/v strtrtr s/v as 
	
te ﬁ s/v s ar  s/v s   s/v s   
	
pye  s/v ﬂ 6sts  s/v tsﬀ  s/v str tr 
	
pye

 s/v s  tpﬀ s/v s6rQpﬀts s/v sﬀtstrar
	
/e ﬁ s/v p6s Qr s/v p ﬂ   s/v s 
	

JMBX HEPyMae w?HEZNX RtP
	
 e ]^[Gp
	
e ]^Gp
	
e ]^[Gp
	
te  s/v s   Qs s/v s artstr s/v stptp
	
te

 s/v s yp   s/v asQp  s/v as  
	
te ﬁ s/v strtrﬀ s/v s   s/v s6r 
	
pye  s/v as  ﬀ s/v p ﬀQp s/v sﬀts 
	
pye

 s/v s p s/v as  yp s/v sﬀ   
	
/e ﬁ s/v ﬀ   s/v ﬀ ar  s/v  s
	

JMBX HEPyMae w?HEZNX RtP
	
 e ]^[G 
	
e ]^G
	
e ]^[G 
	
te  s/v sQp  ﬀ s/v sQptpﬀ s/v s trtsﬀ 
	
te

 s/v s   s/v sﬀQp6s s/v sﬀ trts
	
te ﬁ s/v stp yp  s/v s  s/v s6sﬀts
	
pye  s/v sQpQpyp s/v s ﬀtr s/v sQp6s 
	
pye

 s/v sQptp s/v sQp6rts yp s/v sQp
	
/e ﬁ s/v sﬀ Qpts s/v s    s/v s tryp 
´^¯`DB;¯/°[;3¸14Á¯W=W;3032 .1®m;32 ¯W=$2 =;3¸14^Â?0EDB;k8$¿ Ê¿ ¼k¿ Á¯W´^²c¯W=146=W;27D!±W2 ¾/46=462 ;3¸1460.KÏ:;3¸14
±W034646=Ö¯W0;3¸14k.15 ®14k.?-/=?>¿cÃﬀ¸14tD<4034tD<®15 ;EDuÁ6-/=Ö.g4k¾W46032 Â?4t>»?.KÏÝ¾K27D<®?-/5 4â1-/´^2 =?-y;32 ¯W=Ö¯/°
;3¸14*0346±W27DB;346034t>¶5 4tD<2 ¯W=?D[2 ´¶-/±W4u²?-y;<;34603=?Dﬀ>m4tÁa¯W´^²c¯`D<4t>¶2 =2 ;ED
RGB
.?-/=?>1D2 =?Á5 ®?>m4t>2 =
Ê²1²g46=?>m2 âÝ@u¿
äK¯W´^4¯W®m;3²1®m;ED²103¯1>m®?Á4t>Ý>m®1032 =1±¶;3¸14k4âm²g46032 ´^46=`;´^46=`;32 ¯W=14t>Ý.c4°µ¯W034-/034kD<¸1¯Q½=
2 =Ê²1²c46=1>m2 âÊ¿Ð1¯W0*4t-WÁ3¸Á6-WD<4W»g0346±W27DB;346034t>Ý2 ´¶-/±W4k²?-y;<;34603=?D6»Á¯W03034tD<²g¯W=?>m2 =1±¶;3¯;3¸14
Â?0EDB;2 ´¶-/±W4¯/°+4t-WÁE¸D<4tD3D<2 ¯W=+»`-/=?>^;3¸14*-/.?D<¯W5 ®m;34Â?0EDB;ﬀ8Ñ¿ Ê¿ ¼k¿mÁ¯W´^²g¯W=146=`;ED[¯/°+²?-/2 0ED¯/°
;3¸1¯`D<4²?-y;<;34603=?D[½2 ;3¸-!;32 ´^4*D<46²?-/0E-y;32 ¯W=¶¯/° ¯W=14½[4646·¶Á6-/=.g4uD<4646=+¿KàN=¹¯W0E>m460[;3¯9D<¸1¯y½
;3¸14!´¶-/±W=12 ;3®?>m4!¯/°;3¸14ÁE¸?-/=1±W4W»K;3¸14-/.?D<¯W5 ®m;34!¾y-/5 ®14*¯/°;3¸14!Â?0EDB;8Ñ¿ Ê¿ ¼k¿gÁ¯W´^²c¯W=146=W;
¸?-WD9.g4646=ÌÁ¯W´^²1®m;34t>¿+2 ±W¸W;¶Á¯W5 ¯W0EDk2 = ;3¸14Â?±W®1034tD9Á¯W03034tD<²g¯W=?>m2 =1±Ö;3¯;3¸14Ö-/.?D<¯W5 ®m;34
¾y-/57®m4¯/°+;3¸14Â?0EDB;ﬀ8Ñ¿ Ê¿ ¼k¿1Á¯W´^²g¯W=146=`;ED[2 ´^²15 Ï^´^¯W034uÁE¸?-/=1±W42 =¹;3¸14u5 4tD<2 ¯W=K>1-/03·¶Á¯W5 Ô
¯W0ED2 ´^²15 Ï;3¸14k¯W²1²g¯`D<2 ;34kD<2 ;3®?-y;32 ¯W=+¿cÐ1¯W02 =?DB;E-/=?Á4W»?°µ¯W0;3¸149Á6-WD<4
(1, A)
»g2 =Ö;3¸14k®1²1²g460
²?-/0<;¯/°ﬀ;3¸14¶Â?±W®1034^½4¹¸?-t¾W4^°µ¯W®100346±W27DB;346034t>²?-y;<;34603=?D6» Á¯W03034tD<²c¯/=?>m2 =1±;3¯Ý;3¸14¶Â?0EDB;t»
D<4tÁ¯W=?>»Q;3¸12 0E>9-/=?>°µ¯W®10<;3¸9½4646·c¿yàN=k;3¸145 ¯Q½460ﬁ²?-/0<;S¯/°?;3¸14D3-/´^4[Â?±W®1034W»y½[4ﬀ¸?-Q¾W4[°µ03¯W´
;3¸14!5 4°³;;3¯9;3¸14!032 ±W¸W;t»K;3¸14-/.?D<¯W5 ®m;34*¾y-/5 ®14*¯/° ;3¸14*Â?0EDB;8Ñ¿ Ê¿ ¼k¿gÁ¯W´^²g¯W=146=W;°µ03¯W´&;3¸14
Â?0EDB;;3¯9;3¸14*D<4tÁ¯W=?>¹½4646·c»`°µ03¯W´×;3¸14!D<4tÁ¯W=?>¶;3¯k;3¸14u;3¸12 0E>½[4646·c»1-/=?>»`°µ03¯W´×;3¸14u;3¸12 0E>
;3¯;3¸14°µ¯W®10<;3¸9½4646·!034tD<²g4tÁa;32 ¾W465 ÏW¿yÃﬀ¸14[Â?±W®1034tDﬁÁ¯W03034tD<²g¯W=?>m2 =1±;3¯u;3¸14ﬀ0346´¶-/2 =12 =1±uÁ6-WD<4tD
-/034²1034tD<46=`;34t>¶2 =¶;3¸14*D3-/´^4½ﬀ-QÏW¿mäK¯W´^4Á¯W´^´^46=`;ED[0346±`-/0E>m2 =1±*;3¯k¾K27D<®?-/5g4â1-/´^2 =?-y;32 ¯W=
¯/°;3¸14*034tD<®15 ;ED°µ¯W5 57¯Q½!¿
ﬀ ]^J6b H3MNMBXgH3MJ6b³v
Ð1¯W0k;3¸14ÝÁ6-WD<4
(1, A)
»ﬁ2 ;¶Á6-/=ã.g4ÖD<4646=Ñ;3¸?-y;¶´^¯`DB;^¯/°;3¸14ÝÁE¸?-/=1±W4¹°µ03¯W´ ;3¸14Â?0EDB;
;3¯;3¸14ÝD<4tÁ¯W=?>Ñ½[4646·Ñ¯mÁ6Á®10ED2 = ;3¸14ÝÁ46=`;30E-/5²?-/0<;9¯/°;3¸145 4tD<2 ¯W=+¿ﬁÊ°³;34603½-/0E>1D6» °µ03¯W´
;3¸14!D<4tÁ¯W=?>^;3¯k;3¸14u;3¸12 0E>¹½4646·c»K2 ;D<²1034t-W>1D[¯W®m;t¿mÐ103¯W´×;3¸14;3¸12 0E>¹;3¯k;3¸14°µ¯W®10<;3¸½[4646·c»
´^¯`DB;¯/°?;E¸m4Á3¸?-/=1±W4ﬀ¯1Á6Á®10ED=14t-/0ﬁ;3¸14.c¯W0E>m460ED6¿yÃﬀ¸14D3-/´^4ﬀ.c4¸?-Q¾K2 ¯W0Á6-/=9.g4>m4tD3Á032 .c4t>
°µ¯W0;3¸14kÁ6-WD<4
(1, B)
-/=?>°µ¯W0;3¸14!Â?0EDB;;3¸103464½4646·mD¯/°;3¸149Á6-WD<4
(1, C)
¿?àN=Ý;3¸14®1²1²c460
²?-/0<;[¯/°;3¸14Â?0EDB;ﬀ8Ñ¿ Ê¿ ¼k¿mÁ¯W´^²g¯W=146=`;°µ03¯W´ ;3¸14Â?0EDB;[;3¯!;3¸14*D<46Á¯W=?>¶½[4646·^¯/°;3¸14uÁ6-WD<4
(1, B)
-957-/03±W4*ÁE¸?-/=1±W4u2³Dﬀ2 =?>m27Á6-y;34t>¿ +¯K¯W·K2 =1±^-y;;3¸14!¯W032 ±W2 =?-/5c2 ´¶-/±W4tD6»K2 ;D<4646´¶Dﬀ;3¸?-y;
;3¸127D-WD<²g4tÁa;Á¯W®157>.g4!2 =?>m27Á6-y;32 =1±¶>m2 ác460346=`;2 5 5 ®1´^2 =?-y;32 ¯W=ÖÁ¯W=?>m2 ;32 ¯W=?D*Ò ÎQÓ+.g4;B½4646=;3¸14
Á6-/²m;3®1034tD6»K´^¯W034;3¸?-/=5 4tD<2 ¯W=ÁE¸?-/=1±W4tD6¿mÃﬀ¸14*034t-W>m46027Dﬀ0346´^2 =?>m4t>¹;3¸?-y;ﬀ;3¸14*´^46=`;32 ¯W=14t>
Á6-WD<4tD>m¯^Á¯W03034tD<²g¯W=?>9;3¯k;3¸14!D3-/´^4²?-y;32 46=`;t¿mÐ?¯W0[;3¸14*Á6-WD<4
(2, A)
-/=2 =W;346034tDB;32 =1±9²g4t-/·
Á6-/=.g4^¯W.?D<4603¾/4t>:2 =:;3¸14¶-/.?D<¯W5 ®m;349¾y-/5 ®149¯/°;3¸149Â?0EDB;!8Ñ¿ Ê¿ ¼k¿ Á¯W´^²g¯W=146=W;*°µ03¯W´ ;3¸14
Â?0EDB;!;3¯Ö;3¸14D<4tÁa¯W=?>½4646·c¿ Ãﬀ¸127D27D!=1¯/;k4t-WD<2 5 Ï-/²1²1034tÁ27-/.15 4^2 =$;3¸14¹¯W032 ±W2 =?-/5S2 ´¶-/±W4tD6¿
Ë[5 4t-/035 Ï ;3¸14:8Ñ¿ Êk¿ ¼k¿;30E-/=?DB°µ¯W03´ 27D¹-/.15 4Ý;3¯ãD<¸1¯y½ -ÑÁ3¸?-/=1±W4Ý;3¸?-y;Á6-/=1=1¯/;¹.c4:D<4646=
2 = ;3¸14¯W032 ±W2 =?-/5[2 ´¶-/±W4tD6¿Ð1¯W0k;3¸14ÝÁ6-WD<4
(2, B)
»2 ;¶Á6-/=ã-/±`-/2 = .g4¯W.?D<4603¾/4t>$;3¸?-y;k;3¸14
ÁE¸?-/=1±W4DB;E-/0<;EDﬀ2 =Ý;3¸14kÁ46=`;3460¯/°ﬁ;3¸145 4tD<2 ¯W=Ö-/=?>Ý2 =Ý;3¸14=14âK;½4646·2 ;*D<²10346-W>1D¯W®m;t¿?àq;
½ﬀ-WD´^46=`;32 ¯W=14t>Ý2 =ÑÒ ÇyÓq»1;3¸?-y;;3¸140346±W27DB;30E-y;32 ¯W=Ý-/5 ±W¯W032 ;3¸1´ ±W4;ED-^.12 ;*Á¯W=m°µ®?D<4t>2 =Ö;3¸14
²1034tD<46=?Á4¯/°¸?-/2 0t¿gº-/2 0u>m27D<²157-WÁ46´^46=`;ED.c4;N½4646=D<4tD3D<2 ¯W=?DÁ6-/=Ö=1¯/;u4t-WD<2 5 Ï.g49D<4646=:2 =
;3¸14-/.?D<¯W5 ®m;34*¾y-/57®m4*Â?0EDB;8Ñ¿ Ê¿ ¼k¿gÁ¯W´^²g¯W=146=`;t¿1Ãﬀ¸127D´¶-tÏ.g4!.g4tÁ6-/®?D<4*¯/°;3¸14 `®?-/5 2 ;NÏ
¯/°;3¸14¶0346±W27DB;30E-y;32 ¯/=¯W®m;3²1®m;k2 ;ED<465 °B¿ Ð1¯W0*;3¸14¹Á6-WD<4
(3, C)
»;3¸14¹²m034tD<46=?Á4^¯/°D3Á6-/5 2 =1±Ý2 =
;3¸14!D<4tÁ¯W=?>¹½[4646·¹27DﬀÁ5 4t-/035 Ï^2 =?>m27Á6-y;34t>.KÏ¶57-/03±W4u-/.?D<¯W5 ®m;34u¾/-/5 ®14tD[¯/° ;3¸14uÂ?0EDB;8Ñ¿ Ê¿ ¼k¿
Á¯W´^²g¯W=146=`;t»W°µ03¯W´ ;3¸14Â?0EDB;[;3¯;3¸14*D<4tÁ¯W=?>¶½4646·c»K-/=?>»W°µ03¯W´ ;3¸14*D<4tÁ¯W=?>^;3¯;3¸14;3¸12 0E>
½4646·c¿?º¯y½46¾/460t»1²c4t-/·mD-/²1²g4t-/032 =1±¶2 =Ý;3¸14k-/.?D<¯W5 ®m;34¾y-/5 ®14¯/°ﬁ;3¸14!Â?0EDB;u8Ñ¿ Ê¿ ¼k¿cÁ¯W´9Ô
²g¯W=146=`;°µ03¯W´;3¸14;3¸12 0E>9;3¯!;3¸14°µ¯W®10<;3¸^½4646·9-/034Á5 4t-/035 Ï9D<·K2 =¶>m27D<²157-WÁ46´^46=`;ED-y;<;E-/2 =14t>
-y°³;3460!°µ¯W57>m2 =1±Ý;3¸14¶465 .g¯y½!¿+àN=$±W46=1460E-/5V»2 ;kÁ¯W®157>.g4¹D3-/27>;3¸?-y;!;3¸14-/.?D<¯W5 ®m;34^¾/-/5 ®14^¯/°
;3¸14¶Â?0EDB;98Ñ¿ Ê¿ ¼k¿ﬁÁ¯W´^²g¯W=146=W;9D<¸1¯y½D!2 = -Ý¾W4603ÏÁ5 4t-/0!´¶-/=1=1460t»+;3¸14-/²1²g4t-/032 =1±Ö-/=?>
>m27D3-/²1²g4t-/032 =1±9¯/°SD3Á6-/5 2 =1±?¿
Ê=¶-WD<²c4tÁa;S;3¸?-y;½ﬀ-WDS=1¯/;[Á¯W=?D<27>m46034t>k¸146034W»/.c4tÁ6-/®?D<4ﬀ2 ;[27D=m¯/;;3¸14¯W.mAN4tÁa;32 ¾W4¯/°c;3¸14
²1034tD<46=`;½¯W03·c»127D;3¸?-y;;3¸14k8Ñ¿ Ê¿ ¼k¿?;30E-/=?DB°µ¯W03´Ý»?-WD2 ;½ﬀ-WDÁ¯W=?Á462 ¾W4t>2 = Ò ßyÓq»1034`®12 034tD
²g¯`D<2 ;32 ¾W4Á¯W03034657-y;32 ¯W=^¯/°c;3¸14uÁ6-/=1¯W=127Á6-/51¾/-/0327-/.15 4tD6¿WÃﬀ¸14Á6-WD<4tDS°µ¯W0[½¸127Á3¸¶;3¸14uÁ6-/=1¯W=127Á6-/5
¾y-/032³-/.m5746D-/034!=1¯/;u²g¯`D<2 ;32 ¾W465 ÏÁ¯W03034657-y;34t> y»gÁ¯W®157>Ý.c42 =`;346034tDB;32 =1±^;3¯-/=?-/5 ÏKØ64W¿?Ãﬀ¸127D27D
034°µ4603034t>;3¯¹;3¸14k´^4t-/=12 =1±¯/°S;3¸149¯W®m;3²1®m;u¯/°S;3¸14^>m2 ác460346=?Á4k¯/°=146±`-y;32 ¾W465 ÏÝÁ¯W03034657-y;34t>
Á6-/=1¯W=127Á6-/5c¾/-/0327-/.15 4tD6¿Kàq°;3¸148Ñ¿ Ê¿ ¼k¿?Ã 0E-/=?DB°µ¯W03´#27Dﬀ4âK;346=?>m4t>;3¯¶-/5 5;3¸14!¯W032 46=W;E-y;32 ¯W=?D
¯/° ;3¸14u;N½¯^D<4;EDﬀ¯/° 462 ±W46=K¾W4tÁa;3¯W0ED[.`Ï ?2 ²1²12 =1±9;3¸14*462 ±W46=`¾W4tÁa;3¯W0ED[¾y-/5 ®14tD¯/° ;3¸14*¯W032 ±W2 =?-/5
¾y-/032³-/.m5746D6»m-^D<4;¯/°°µ¯W®10²g¯`D3D<2 .15 4!D<¯W5 ®m;32 ¯W=?Dﬀ27Dﬀ²103¯m>m®?Á4t>¿
 ¨[¥« 
<ª$K¬B¨[¥$
Ãﬀ¸14D<´¶-/5 5[=`®1´k.g4609¯/°5 4tD<2 ¯W=?D46¾y-/5 ®?-y;34t>$27D=1¯/;946=1¯W®1±W¸$;3¯:´¶-/·W4¹±W46=1460E-/5[Á¯W=?Á5 ®mÔ
D<2 ¯W=?D-/.g¯W®m;;3¸14k>m27D<4t-WD<4*.c46¸?-t¾K2 ¯W0t¿?º¯y½[46¾W460t»m°µ¯W0;3¸14kÁ6-WD<4tD-/=?-/5 ÏKØ64t>;3¸14!°µ¯W5 5 ¯y½2 =1±
Á6-/=.g4u´^46=W;E2 ¯W=146>¿+¯K¯W·K2 =1±k-y;;3¸14!-/.?D<¯W5 ®m;34¾y-/5 ®14u¯/°;3¸14uÂ?0EDB;ﬀ8Ñ¿ Ê¿ ¼k¿1Á¯W´^²c¯W=146=W;

UVP^MB_`HIWZNRtLBX J6ZNX Zﬀb HEZNX RtP`Zﬀ\`JM<J!ZNH3M[MB_`H3LBHYaJ6ZNHEZT7R6L_`X Y<_^MB_`HYER6LNLBHEb JMBX RtPxmH3MVﬁHEHEP¶IKJ6X LBZ
R6T+X OJ6dtHEZX Z[P`HEdQJMBX iQH6v

HEHﬀT7R6LX PWZqM<JtPWYEHteKX P¶fcJ6x`b HEZ ﬀ/eKr*JtP`\ as*R6T gMB_`Hi6J6b  `HEZ[YER6LNLBH3o
ZNImRtPK\WX P`duMBRuMB_`HﬀYaJ6ZNH
(3, C)
v
U<v ]v ]vmfgHEY<_`P`X YaJ6b [HEImR6LNM `OuxmH3Las 
¯/°[²?-/2 0EDu¯/°[0346±W27DB;346034t>Ö5 4tD<2 ¯W=²?-y;<;34603=?D*D<46²?-/0E-y;34t>Ö.KÏ:-²g46032 ¯1>Ö¯/°¯W=149½[4646·c»2 ;!Á6-/=
.g4!¯W.?D<4603¾W4t>¹;3¸?-y;2 =;3¸14!.c46±W2 =1=12 =1±?»m´^¯`DB;¯/°;3¸14ÁE¸?-/=1±W4*¯mÁ6Á®10EDﬀ½2 ;3¸12 =;3¸14!5746D<27¯W=»
½¸12 5 42 =Ý;3¸14=14âK;½4646·2 ;uD<²1034t-W>1D¯W®m;-/=?>Ý27D>m27DB;3032 .1®m;34t>Ý¯W=Ý;3¸14½¸1¯W5 4!5 4tD<2 ¯W=+¿1àN=
D<¯W´^4Á6-WD<4tD!2 ;9¸?-WD.g4646=Ñ¯W.?D<4603¾W4t>»;3¸?-y;92 =$;E¸m457-WDB;EDkD<4tD3D<2 ¯W=?D6»;3¸14Á3¸?-/=1±W4¹¯mÁ6Á®10ED
=14t-/0ﬀ;3¸14!5 4tD<2 ¯W=.g¯W0E>m460ED6¿

4±`-/0E>m2 =1±;3¸14Á¯W=`;3032 .1®m;32 ¯W=k¯/°g4t-WÁE¸9D<2 =1±W5 4ﬀÁ¯W5 ¯W0ﬁ.?-/=?>!;3¯u;3¸14Â?0EDB;8Ñ¿ Ê¿ ¼k¿WÁ¯W´9Ô
²g¯W=146=`;t»y2 ;ﬁ¸?-WD.g4646=^D<¸1¯y½=;3¸?-y;t»Q2 =9±W46=1460E-/5V»t2 ;S27D462 ;3¸1460;3¸14ﬀ±W034646=¯W0;3¸14.15 ®14ﬀ.?-/=?>»
-/=?>=1¯/;;3¸14!034t>.?-/=?>½¸127Á3¸ÖÁ¯W=`;3032 .1®m;34tDﬀ´^¯`DB;2 =ÖD<¸1¯y½2 =1±k;3¸14ÁE¸?-/=1±W4W¿
ﬃã« ¥¨ 
  ©  ¥[¦
Ã ¯;3¸14:äKàBÃﬀC 03¯/AN4tÁa;^°µ®1=?>m4t>Ì.KÏã-±W0E-/=`;9°µ03¯W´ ;3¸14Ö¼u-/=127D<¸ÉÃ 4tÁE¸1=127Á6-/5

4tD<46-/0EÁE¸
Ð1¯W®1=?>1-y;32 ¯W=¹Ä 03¯/AN4tÁa;®1´.c460
	Î yÔNÚWÚQÔNÚ1ÅtÆ/ÇWÈ?°µ¯W0 D<®1²1²g¯W0<;32 =1±;3¸14²1034tD<46=`;+½¯W03·c¿
Ã ¯;3¸14!>m4603´¶-y;3¯W5 ¯W±W27DN;ED+¯W=14!äK·/¯y¾¶-/=?>@¯9@ﬀ-/=1±k¯/°+;3¸14!,u46=W;3¯/°³;34!º¯`D<²12 ;E-/5g¯/°¼46=mÔ
´¶-/03·:-/=?>Ö;3¯;E¸m4¶-/=1¯W=KÏK´^¯W®?D²?-y;32 46=`;ED6»c°µ¯W0u;3¸1462 0!Á¯W5 57-/.c¯W0E-Q;32 ¯W=>m®1032 =1±;3¸14^2 ´¶-/±W4
-WÁ `®127D<2 ;32 ¯W=ÝD<4tD3D<2 ¯W=?D6¿
ﬃ ¥©¬
ﬃ [¬	W¦ +§ © ¤&
   
S¥©¶¬B§W¦ ﬀﬂﬁﬃ ﬁ!"ﬁ ¨ ¨[¥ ¥[¦
r ]^J6b H3MNMBXgH3MJ6b³v
1Aa1 1Ab1 1Ac1 1Ad1
(1Aa1,1Ab1) (1Ab1,1Ac1) (1Ac1,1Ad1)
  
K
 [HEdtX ZqMBH3LBHa\ÖUVOJ6dtHEZT7R6LuMB_`HYaJ6ZNH
(1, A)
J6PK\MB_`H

X LBZqM]v v GuvYERtO!ImRtP`HEPyMBZImH3L
ﬁHEHElmv
1Ba1 1Bb1 1Bc1 1Bd1
(1Ba1,1Bb1) (1Bb1,1Bc1) (1Bc1,1Bd1)
  
  1
 [HEdtX ZqMBH3LBHa\ÝUVOJ6dtHEZT7R6LuMB_`HYaJ6ZNH
(1, B)
J6PK\MB_`H

X LBZqM]v v GuvYERtO!ImRtP`HEPyMBZImH3L
ﬁHEHElmv
U<v ]v ]vmfgHEY<_`P`X YaJ6b [HEImR6LNM `OuxmH3Las 
1Ca1 1Cb1 1Cc1
(1Ca1,1Cb1) (1Cb1,1Cc1)
  
 1
 [HEdtX ZqMBH3LBHa\ÖUVOJ6dtHEZT7R6LuMB_`HYaJ6ZNH
(1, C)
J6PK\MB_`H

X LBZqM]v v GuvYERtO!ImRtP`HEPyMBZImH3L
ﬁHEHElmv
2Aa1 2Ab1 2Ac1 2Ad1
(2Aa1,2Ab1) (2Ab1,2Ac1) (2Ac1,2Ad1)
  
g
 [HEdtX ZqMBH3LBHa\ÖUVOJ6dtHEZT7R6LuMB_`HYaJ6ZNH
(2, A)
J6PK\MB_`H

X LBZqM]v v GuvYERtO!ImRtP`HEPyMBZImH3L
ﬁHEHElmv
as ]^J6b H3MNMBXgH3MJ6b³v
2Ba1 2Bb1 2Bc1 2Bd1
(2Ba1,2Bb1) (2Bb1,2Bc1) (2Bc1,2Bd1)
  
 1
 [HEdtX ZqMBH3LBHa\ÝUVOJ6dtHEZT7R6LuMB_`HYaJ6ZNH
(2, B)
J6PK\MB_`H

X LBZqM]v v GuvYERtO!ImRtP`HEPyMBZImH3L
ﬁHEHElmv
3Ca1 3Cb1 3Cc1 3Cd1
(3Ca1,3Cb1) (3Cb1,3Cc1) (3Cc1,3Cd1)
  
1
 [HEdtX ZqMBH3LBHa\ÖUVOJ6dtHEZT7R6LuMB_`HYaJ6ZNH
(3, C)
J6PK\MB_`H

X LBZqM]v v GuvYERtO!ImRtP`HEPyMBZImH3L
ﬁHEHElmv
U<v ]v ]vmfgHEY<_`P`X YaJ6b [HEImR6LNM `OuxmH3Las  
 
RGB 

S¥©$ ¨ %¶¦Ü§[¬	W¦ +§ © ¬	
  
1Aa1  R  G  B
1Ab1  R  G  B
1Ac1  R  G  B
1Ad1  R  G  B
  
m
RGB
xKJ6PK\WZSR6TcLBHEdtX ZqMBH3LBHa\^X OJ6dtHEZR6TcMB_`HYaJ6ZNH
(1, A)
% +§ ¥« 
tv

vR6LBP9J6PK\

v

Y<_y `P`Y<lmv?GﬀH3MBH3LBO!X P`X P`dRtIWMBX YaJ6bKRav	
 	ﬁﬀﬂ  ﬃﬀﬀ<e  ar"!
p6s Wetr tv
pyv  vwgJLBZNHEP?vÖ]^JTﬀJ6PK\ÖR6MB_`H3LuMNL<J6P`ZqT7R6LBOJMBX RtP`Z!J6I`IWb X Ha\ÝMBR¶LBHEO!R6MBHkZNHEP`ZNX P`dWvÖ]^J6ZqMBH3L$# Z
MB_`HEZNX ZEe?UVP`ZqMBX MB WMBHT7R6L*]^JMB_`H3OkJMBX YaJ6b+ZqM<J6ZqMBX ZqMBX YEZJ6PK\&%ImH3L<JMBX RtP`Z  [H3ZNHaJLBY<_
	
UN]

%  <e
f?HEY<_`P`X YaJ6bghP`X iQH3LBZNX MVjR6T+GﬀHEP`OJLBlme/Gfﬁhe  tvI`I?v'WX X (ts)(p6syv
/v

vK]^J6b H3MNMBXgJ6PK\

v*LBZNx+tb b³v YERtOux`X P`Ha\kJ6b X dtP`O!HEPyMJ6PK\LBHEdtX ZqMNL<JMBX RtP^ZNY<_`HEO!HR6TI`ZNR6o
LBX J6ZNX Zb HEZNX RtP`ZX OJ6dtHEZEvkfgHEY<_`PWX YaJ6b  [HEImR6LNM /egGﬀHEIKJLNMBO!HEPyMR6TSUVPWT7R6LBOJMBX YEZJ6PK\Ý]^JMB_Wo
HEOJMBX YaJ6b[]9R/\WHEb b X P`dWvfgHEY<_`P`X YaJ6bShP`X iQH3LBZNX MVjÖR6TGﬀHEP`OJLBlmv endtZEv w1jWP`dtxyjQvGﬀHEP`OJLBlmv e
]^JLBYB_p6sts /v
 Wv

vW]^J6b H3MNMBX1J6PK\

v,*LBZNx+tb b³vcÑ_`X H3L<JLBY<_`X YaJ6bmYEb J6ZNZNX ¡KYaJMBX RQPkZNY<_`HEO!HR6TgI`ZNR6LBX J6ZNX ZSX OJ6dtHEZEv
f?HEY<_`P`X YaJ6b  [HEImR6LNM ﬀ/eGﬀHEIKJLNMBO!HEPyM?R6T`UVPWT7R6LBOJMBX YEZJ6PK\]^JMB_`HEOJMBX YaJ6bW]9R/\WHEb b X P`dWvtfgHEY<_Wo
P`X YaJ6b?hP`X iQH3LBZNX MVjkR6TGﬀHEP`OJLBlmv eWndtZEvKw1jWP`dtxyjyv/GﬀHEP`OJLBlmv eK]^JLBY<_¹p6sts /v
yv

vt]^J6b H3MNMBXWJ6PK\

v-*LBZNx+tb b³vWUVb b  `O!X PKJMBX RtPYER6LNLBHEY3MBX RtPuX PI`ZNR6LBX J6ZNX Zb HEZNX RtP`Z+X OJ6dtHEZEv/fgHEY<_Wo
P`X YaJ6b  [HEImR6LNM /etGﬀHEIKJLNMBO!HEPyM+R6T1UVPWT7R6LBOJMBX YEZ J6PK\!]^JMB_`HEOJMBX YaJ6bm]9R/\WHEb b X P`dWv/fgHEY<_`P`X YaJ6b
hP`X itH3LBZNX MVjkR6T+GﬀHEP`OJLBlmv e/ndtZEvmw1jWP`dtxQjyvWGﬀHEP`OJLBlmv e`]^JLBY<_¹p6sts /v
ﬀ/v

vc]^J6b H3MNMBXﬁJ6PK\

v.*LBZNx+tb b³v


LBX P`YEX IKJ6b YERtO!I1RtP`HEPQMJ6PKJ6b jWZNX ZR6TﬁI`ZNR6LBX J6ZNX Zub H3ZNX RQPWZX O*o
J6dtHEZEvKfgHEY<_`P`X YaJ6b [HEImR6LNM yetGﬀHEIKJLNMBO!HEPyMcR6TmUVPWT7R6LBOJMBX YEZ+J6PK\*]^JMB_`HEOJMBX YaJ6bK]9R/\WHEb b X P`dWv
f?HEY<_`P`X YaJ6bghP`X iQH3LBZNX MVjR6T+GﬀHEP`OJLBlmv e/ndQZEvKw1jWP`dtxyjQvWGﬀHEP`OJLBlmv eK]^JLBYB_p6sts /v
p ]^J6b H3MNMBXgH3MJ6b³v
  
 1
RGB
xKJ6PK\WZSR6TcLBHEdtX ZqMBH3LBHa\^X OJ6dtHEZR6TcMB_`HYaJ6ZNH
(1, B)
1Ca1  R  G  B
1Cb1  R  G  B
1Cc1  R  G  B
  
1
RGB
xKJ6PK\WZR6TcLBHEdtX ZqMBH3LBHa\^X OJ6dtHEZR6TcMB_`HYEJtZNH
(1, C)
U<v ]v ]vmfgHEY<_`P`X YaJ6b [HEImR6LNM `OuxmH3Las 
2Aa1  R  G  B
2Ab1  R  G  B
2Ac1  R  G  B
2Ad1  R  G  B
  
 ?
RGB
xKJ6PK\WZSR6TcLBHEdtX ZqMBH3LBHa\^X OJ6dtHEZR6TMB_`HﬀYaJ6ZNH
(2, A)
2Ba1  R  G  B
2Bb1  R  G  B
2Bc1  R  G  B
2Bd1  R  G  B
  
 K
RGB
xKJ6PK\WZSR6TcLBHEdtX ZqMBH3LBHa\^X OJ6dtHEZR6TMB_WHYaJ6ZNH
(2, B)
ﬂ  ]^J6b H3MNMBXgH3MJ6b³v
3Ca1  R  G  B
3Cb1  R  G  B
3Cc1  R  G  B
3Cd1  R  G  B
  
  1
RGB
x`JtP`\WZR6TcLBHEdtX ZqMBH3LBHa\^X OJ6dtHEZR6TcMB_`HYaJ6ZNH
(3, C)
yv

vc]^J6b H3MNMBXJ6PK\

v.*LBZNx+tb b³vkf?H'/MB WLBH!J6b MBH3L<JMBX RtP:\WH3MBH3Y3MBX RtPÝX Px`X MBHEO!ImR6L<J6b+X OJ6dtHEZR6T
b HEZNX RtP`Z[X MB_¹I`ZNR6LBX J6ZNX ZEvfgHEYB_`P`X YaJ6b  [HEImR6LNMﬀr/emGﬀHEIKJLNMBO!HEPyM[R6T UVPWT7R6LBOJMBX YEZﬀJ6PK\¹]^JMB_Wo
HEOJMBX YaJ6b[]9R/\WHEb b X P`dWvfgHEY<_`P`X YaJ6bShP`X iQH3LBZNX MVjÖR6TGﬀHEP`OJLBlmv endtZEv w1jWP`dtxyjQvGﬀHEP`OJLBlmv e
]^JLBYB_p6sts /v
r/vv X HEb ZNHEP?v   	ﬀﬃ
, -
   - 

ﬀﬃ
, -
   ﬀ,- 
, --
-ﬁﬀ.-

ﬁﬀﬀ-
 ﬁ)- 6v


_`GÜMB_`HEZNX ZEecUVP`ZqMBX MB WMBH*R6T]^JMB_`HEOJMBX YaJ6bﬁ]9RW\/HEb b X P`dWv+fgHEY<_`P`X YaJ6b
hP`X itH3LBZNX MVjkR6T+GﬀHEP`OJLBlmv e/ndtZEvmw1jWP`dtxQjyvWGﬀHEP`OJLBlme%Y3MBRtxmH3L Wv [R`v ﬀ/v
/vv X HEb ZNHEP?eﬀn*vRtPWL<Jt\WZNHEP?eJ6PK\ﬃﬂWv

X O!I`ZNRtP?v ]9 `b MBX itJLBX JMBHJ6b MBH3L<JMBX RtP \WH3MBHEY3MBX RtP
	
O^v J/v \1v J6PK\O^v J/v TVv?ImRtZqMBIWLBRyYEHEZNZNX P`d¶X PO `b MBX ZNI1HEY<MNL<Jtb³e?x`X MBHEO!ImR6L<J6bX OJ6dtH!\`JM<J H3
J6I`IWLBRQJ6Y<_WHEZMBR*Y<_KJ6P`dtH\WH3MBHEY3MBX RtP^ZqMB K\WX HEZEvﬀ -ﬁﬀ! ﬀ"$#% "$ﬂ
-&# e ﬀ , ! We tr/v
as/v]v

RtP`ltJ/e v b JaitJ6YteSJ6PK\  v

RajWb Htv  $ﬃﬀ(' 
$ﬀﬂﬃ    -*) )+ﬂ ﬀ
, -`v

LBRyRtl/Z!Rtb H


 `x`b X ZN_`X P`dRtO!IKJ6Pyjye


J6YEX ¡KY

LBRiQHte+ﬁ  6s/e+h

v epPK\
Ha\WX MBX RtP?e /v
